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Abstract

In this paper we propose a weighted integrated conditional moment
(ICM) test of the validity of parametric specifications of conditional
distribution models for stationary time series, by extending the weighted
ICM test of Bierens (1984) for time series regression models to com-
plete parametric conditional distribution specifications.
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1 Introduction

Time series models aim to represent conditional means, moments, and/or
conditional distributions relative to the entire past of the time series involved,
even if the model employs only a finite number of lagged conditioning vari-
ables. The past time series involved refers to all lagged dependent variables,
as for example is the case for ARMA models, and possibly all present and
past exogenous variables, as for example is the case for ARMAX models.
The consistency and asymptotic normality of parameter estimators of time
series models require various conditions on the model variables conditional
on their infinite past. For instance, the asymptotic normality and asymp-
totic efficiency of maximum likelihood estimators hinge on the condition that
the score vectors are martingale differences relative to their entire past. If
the model is only correctly specified conditional on a finite number of past
variables rather than on the whole past these results may not hold.

It is possible that the conditional mean or conditional distribution of a
time series is correctly specified conditional on a finite number of lagged
variables, but is incorrect when the infinite past is conditioned on. We will
give an example in section 2. Therefore, to test the validity of a time series
model specification consistently, we need to condition on the entire past of
the time series involved.

The tricky issue of how to condition on the whole past will be dealt with
along the approach in Bierens (1984), by conducting a sequence of ICM tests
En,m, say, where m is the number of lagged conditioning variables involved
and n is the number of observations of the (vector) time series Y; involved.
Each ICM test En,m is conducted similar to Bierens and Wang (2008) for the
iid. case, with (Y/ ,, Y/ ,, ..., Y/ ) the vector of conditioning variables.
Thus, Enm is based on the integrated squared difference between the empir-
ical characteristic function of (Y, Y, ,,Y/ ,, ..., Y/ ,.)" and the corresponding
empirical characteristic function implied by the estimated conditional distri-
bution model for Y;. Given an arbitrary o € (0,1) and a subsequence ¢,, of
the sample size n, the actual weighted ICM (WICM) test statistic is

Ln
W= a"Bym.
m=1

The asymptotic null distribution of this test is case dependent. Therefore,
critical values and/or p-values have to be derived via a bootstrap method.
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Since this test is based on characteristic functions, it has the unique
advantage that it is applicable to any type of conditional distribution; con-
tinuous, discrete or mixed continuous-discrete (for example Tobit type mod-
els), as long as the time series involved are strictly stationary. With some
modifications this test can even handle singular conditional distributions,
for example stochastic dynamic general equilibrium macro-economic models.
This test is consistent against all stationary alternatives and has nontriv-
ial power against y/n-local alternatives. To the best of our knowledge no
other consistent test for parametric conditional time series distributions has
been proposed yet in the literature, despite consistency claims made by some
authors.

Conditional characteristic functions often do not have a closed form ex-
pression and then have to be computed numerically. To avoid this computa-
tional burden, we propose a Weighted Simulated ICM (WSIMC) test where
the conditional characteristic function of the estimated model is replaced
with an simulated counterpart based on a single random drawing from this
conditional distribution. The WSICM test has an easy-to-compute closed-
form expression, and all theoretical properties of the exact WICM test carry
over.

This paper is organized as follows. Section 2 reviews the literature on time
series specification testing. In Section 3 we state the maintained hypothesis
on the data generating process and the parametric model. In Section 4
we discuss the identification of the alternative hypothesis via characteristic
functions. In Section 5 we derive the asymptotic properties of our test under
the null hypothesis. A simulated version of our test is proposed in Section
5. A limited Monte Carlo study will be presented in Section 6. Finally, in
Section 7 we will make some concluding remarks and propose directions for
further research.

As to notations, the indicator function will be denoted by I(.), the vector
norm ||z|| is the Euclidean norm if z € R? and ||z|| = V2'T if 2 € C?, where
the bar denotes the complex conjugate. In the case x = a+1i.b € C this norm
becomes the absolute value: |z| = /2.7 = v/a? + b2. The matrix norm || A|| is
the maximum absolute value of the elements involved, regardless whether the
elements of A are real or complex valued. Finally, we adopt the convention

that the derivative of a function to a row vector is a column vector of partial
derivatives, e.g., 0 (2’ Az) /0z' = 2Ax, O (2’ Az) [0z = o' A.



2 Literature Review

Recall that a test is called consistent if its power against any deviation of
the null hypothesis approaches one as the sample size goes to infinity. How-
ever, most test require some maintained hypotheses on the data, so that the
consistency concept is relative to these maintained hypotheses. For exam-
ple, a time series specification test may be consistent against all stationary
alternatives but not against nonstationary alternatives.

The first consistent test for the specification of functional form of cross-
section regression models was proposed by Bierens (1982), and later named by
Bierens and Ploberger (1997) the Integrated Conditional Moment (ICM) test.
The key idea of the ICM test is that the null hypothesis is transformed to a
testable sufficient and necessary equivalent hypothesis consisting of an infinite
number of orthogonality conditions formed by products of model errors and
special weight functions of the explanatory variables. The features of these
weight functions are characterized by Stinchcombe and White (1998). The
ICM test was generalized to time series regression models by Bierens (1984),
De Jong (1996) and Bierens and Ploberger (1997).

A necessary condition for the consistency of tests of time series hypotheses
is that the information set conditioned on contains the entire past of the time
series involved. In particular, for testing the functional form of time series
regression models this condition implies that the null hypothesis involved is
that the model errors are martingale differences with respect to the o-algebra
generated by this information set. For example, consider the AR(1) model

Vi=a+8Y, 1+ U, Bl <1 (1)

The condition for the validity of this model as the best one-step-ahead fore-
casting scheme for Y; is that U; is a martingale difference process with re-
spect to the o-algebra F'l = o ({¥;—;}32,) generated by the information
set Z,_, = {Y,—;, j > 1}, i.e,

EU|FL] =0as, (2)

and thus F [YA]—“:H = a + BY;_1. Of course, the latter implies that also
E [Yi|Y;-1] = a+ BY:—1 a.s., but not the other way around. We will discuss
the literature using this AR(1) model as an example of the null hypothesis.

Most specification tests for regression-type time series models proposed
in the statistical and econometric literature, including Bierens and Ploberger
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(1997), only test implications of the martingale difference hypothesis rather
than this hypothesis itself. To the best of our knowledge the only two excep-
tions are the ICM tests of Bierens (1984) and De Jong (1996).
Bierens (1984) proposed to compute a sequence of ICM test statistics By,
of the null hypotheses
E[U|F-)] =0 as., (3)

where F{7) = o ({Y—;}7~,) , and then use S wm B as the actual test
statistic, where w, is a sequence of positive weights satisfying Y > wn, < o0
and /,, is a subsequence of n.

De Jong (1996) has extended the approaches in Bierens’ (1982, 1990)
to an ICM test of the martingale difference hypothesis (2), as follows. He
identifies the null hypothesis (2) versus the alternative

Pr (E [U|FL] =0) <1 (4)

:0},

where E is a compact metric space in R*, and ¥ is a bounded one-to-
one mapping. In particular, de Jong specifies & = x52, [—c.j %, c. 772" for
some constant ¢ > 0, where k is the dimension of ¥(Y;_;). Under the null
hypothesis (2), S = E, whereas under the alternative, S is ”almost empty”.
Therefore, a consistent ICM test of the null hypothesis (2) can be based on

the integral
1 noo t—1 2
— Z Ui exp (Z fl'q)(Y;f—j))) dg,
/5 (\/ﬁ t=2 j=1 ’

where the ﬁt’s are the regression residuals and n is the sample size.

Hong (1999) proposed a test for time series independence using a gener-
alized spectral density, where the autocorrelation function in the standard
spectral density is replaced by the difference between the joint characteristic
function and the product of two marginal characteristic functions. If there is
pairwise independence, then these differences are zero. Su and White (2007)
also use characteristic functions in testing serial independence. Hong and
Lee (2005) test pair-wise independence of the regression errors, using the

via the contents of a set S C R* of the type

Uy exp <Z §§W(K_j)>

Jj=1

S = {5 = (£1,6.&,..) €BE




approach in Hong (1999). However, independence of regression errors is too
strong a condition for model validity because the only requirement for cor-
rectness of conditional mean time series models is that the model errors are
martingale differences. Moreover, pairwise independence does not imply the
martingale difference hypothesis.

Escanciano and Velasco (2006) propose to test the martingale difference
hypothesis using the same pairwise implications as those in Hong (1999).
The generalized spectral density they use is based on the covariance be-
tween the regression errors U; and particular functions of each of the lagged
conditioning variables Y; ,,. Thus, these authors test the null hypothesis
sup,,>1 |E[Ut|Yi—m]| = 0 a.s., rather than the martingale difference hypothe-
sis itself.

Dominguez and Lobato (2003) and Stute et al. (2006) propose tests
of the hypothesis (3) for fixed m based on moment conditions of the form

ENU TS I(Yey < yj)} = 0 for all conformable nonrandom vectors ;.

Before discussing the literature on testing the validity of parametric con-
ditional distribution specifications for time series data, let us explain first
what we mean by ”validity”, on the basis of the AR(1) model (1) augmented
with the assumption U;|Z; 1 ~ N [0, 0?]. The conditional distribution of this
model given Y; ; takes the form

Gi1(ylo) = o7 '@((y —a— BYi)/0) (5)
0 = <a7 B’ 0)/7

where @ is the c.d.f. of the standard normal distribution. This functional
specification is correct for any stationary Gaussian process Y; because then
(Y:,Y;—1)" has a bivariate normal distribution. As is well-known, in this
case F[Y;|Y;—1] is linear in Y, 4, say F[Y|Yi1]| = a+ Y, Uy = Y, —
E [Y;|Y;_1] ~ N [0,02] for some o, and U; and Y;_; are independent. However,
in general Pr[Y; <y|Fl] # ®((y— a — BY;-1—)/0) . For example, let Y,
be the MA(1) process Y; = V; — vV;_; with |y| < 1, and V; Gaussian white
noise with variance o%. Then

(6)

— S ATY, .
Fialy) = Pr[¥i <3l P2 = o' (y R )

ov

and Gy_1(y|0) = Pr[Y; < y|Yi-1].



In testing dynamic distribution specifications, White (1987) used the fact
that if the distribution is correctly specified, then the negative of the Fisher
information matrix is equal to the variance of score function. Note that this
equality is just an implication of the null hypothesis. Hence, accepting this
equality does not necessarily mean that the null hypothesis is true, rendering
this test inconsistent.

Bai’s (2003) test of the validity of conditional distribution models for
time series is based on the well-known fact that for a univariate time series
process Y; with absolutely continuous conditional distribution of the type (6),
U = F,_1 (Y;) is independent uniformly [0, 1] distributed. Therefore, given
the specification G;_1(y|€) of F;_1(y), Bai proposes a Kolmogorov-type test
based on an empirical process of the form

n

Valw) = (1/vm) S |1 (Gailf) < w) = ul, we [o,1),

t=1

where 6 is a (quasi-) maximum likelihood estimator. To get an asymptoti-
cally distribution free test, Bai uses the Khmaladze (1981) martingale trans-
formation, which yields a correction term IA(n, say, such that under the null
hypothesis,

n

V(w) = Vo(w) — Ko = (1/3/n) Y (I (U < u) — ] + 0, (1),

t=1

where 6 = plim,, 6. Under the null hypothesis, V,, converges weakly to a
standard Brownian bridge. However, in the case of the incorrect null model
(5) Uy = Gy—1(Y;|0) is also uniformly [0,1] distributed, but no longer inde-
pendent. Then under some regularity conditions, V,, still converges weakly
to a limit process, although due to the dependence of U; this limit process
is no longer a standard Brownian bridge. Thus, Bai’s test is not consistent.
One of the reasons for this inconsistency is that the independence condition
for the U,’s is not part of the test, as only the uniformity condition is tested.
Another reason is given in Bierens and Wang (2008).

Bai and Chen (2007) have extended Bai’s (2003) test to vector time series
processes. Corradi and Swanson (2006) use the same uniform transformation
as in Bai (2003) to extend the conditional Kolmogorov test to time series.
But instead of using the Khmaladze (1981) martingale transformation to get
an asymptotically distribution free test, they used bootstrap critical values.
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Li and Tkacz (2006) propose a specification test based on a comparison
of a parametric conditional density with a nonparametrically estimated con-
ditional density function, weighted with a nonparametric kernel estimator of
the density of the (finite-dimensional) vector of conditioning variables. They
claim consistency of their test, even in the title of their paper.!

To the best of our knowledge there does not yet exist a test for the validity
of parametric distributions for time series data that is consistent against all
stationary alternatives. In this paper we will propose such a test.

3 Data Generating Process and Model

Throughout we will assume that

Assumption 1. The data generating process Y; is a strictly stationary
p-variate vector time series process defined on a common probability space
{Q, F, P}, with a vanishing memory.

The latter concept is defined in Bierens (2004, Ch. 7) as follows.

Definition 1. Denote by F} ;. the o-algebra generated by Yi_1,Y;_o, ..., Yi_m:

=0 (Y 1,Yi 0,0, Yim), and let F' )l =0 (U;‘,leﬁ__;z) , which is the
o-algebra generated by {Y;;}32,. Then F o = MiFEL is the remote o-
algebra involved. The time series process Y; has a vanishing memory if for

all sets A € F_o, either P(A) =1 or P(A) = 0.

As is well known from Kolmogorov’s zero-one law, independent processes
have a vanishing memory in this sense, but this property carries over to
quite general stationary processes. See for example Bierens (2004, Ch. 7).
Moreover, under Assumption 1,

1
p lim =) Y, = E[Y1], provided that £ [[|Y1]]] < oo

See Bierens (2004, Ch.7). Furthermore, under Assumption 1 the stochastic
properties of Y; are completely determined by the conditional distribution

'Other authors who makes unjustified consistency claims are Li (1999) and Chen and
Fan (1999).



function

Faly)=E[IY, <y |Fll], yeRrr

Let Gi—1(y|0), 60 € ©, be a family of parametric distributions of Y; con-
ditional on F'!, where © C RF is a compact parameter space. Note that
the conditional distribution functions G:_1(y|f) may depend on the entire
sequence {Y; ;}22,, as is the case for MA models, but for the time being
we will ignore this problem. Moreover, it is reasonable to assume that © is
chosen such that

Assumption 2. For all § € © the support of Gi—1(y|0) is the same as the
support of Fy 1(y).

The null and alternative hypotheses involved are

Hy: There exists an interior point 6y € © such that

Gi-1(y|0o) = Fi—1(y) a.s. for all y € RP, (7)
H,: For all # € © there exists an y € RP such that (8)
Pr{G,_1(yl0) = Fia(y)] < L.

respectively. It will be assumed that ¢ has been estimated by maximum
likelihood (ML), with ML estimator #, and that under H all the conditions
for consistency and asymptotic normality of 6 are satisfied. In particular

Assumption 3. Under the null hypothesis (7),

Jn (@ - 90) — 3! (% ti} Ut> + 0, (1)

where U, € R¥ is a martingale difference process with respect to. the filtra-
tion F'L, satisfying the conditions of the martingale difference central limit
theorem:?

1 n
= 2 Ueh N[0, 3], det () > 0.
t=1

2See for example McLeish (1974).



The Uy’s are of course the vectors of scores of the log-likelihood In L, (6),
with

Y =— lim n'E [82 In L, (6) /(aeae’)\HJ = lim Y E[UU]].

n—00 n—00
t=1

Under H, the estimator 8 is a Quasi ML (QML) estimator. It is pretty
standard to set forth mild condition such that 6 converges in probability to
a point in ©, namely the point

6, = argmax lim E [In L, (0) /n].

#c® n—oo

Therefore, we assume that
Assumption 4. Under the alternative hypothesis (8), plimn_,oo/é =0,.

The assumption that 6 is a (quasi-) ML estimator is not essential. Any
estimator satisfying Assumption 3 will do, for example, GMM estimators.

4 Identifying the Alternative Hypothesis Via
Empirical Characteristic Functions

The null and alternative hypotheses can, in theory, be identified via the
conditional characteristic functions of G;_1(y|f) and F;_;(y):

o1 (T]0) = /Rpexp(i.T’y)th_l(y\H), (9)
vea (@) = [ explirn)dFia) = B el V) |72] - (10)

respectively. As is well known, Hy is true if and only if ¢; 1 (7]600) = ¥y_1 (7
a.s. for all 7 € RP, whereas under Hy, infpeg Sup,cpe |0t—1 (7]60) — 911 (7)| >
0 a.s. Moreover, if Y; is bounded then the latter is true if and only if in an
arbitrary open neighborhood Ny of the origin of RP,

inf sup |1 (7]6) — —1 (7)] > 0 a.s,,
USS) TENp
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due to the well-known fact that characteristic functions of bounded random
variables [or vectors] coincide everywhere if they coincide in an arbitrary
neighborhood of zero [or the zero vector]. Therefore, for the time being we
will assume that Y; is a bounded time series process, because then we know
where to look for possible discrepancies between ;1 (7]0) and ;1 (7).

However, although ;1 (7]0) can be determined from the model distribu-
tion G;_1(y|0), it is difficult if not impossible to estimate ¢;_; (7) consistently.
The following lemma provides a solution to this problem.

Lemma 1. Let Assumption 1 hold, with Y; a bounded process: there exists
an M € (0,00) such that Pr|[||Y;]] < M| = 1. Denote

o™ (rl) = E / exp(i.75y)dG—1(y|0) exp( ZTYt J>
RP

" (1) = E |exp (iiTJ’-Yt_j)

T = (TéaT{v' ) m) GX] OT
Sma1 = {T€ XY 1 | (7]6,) — ™ (7)] > 0}

where T C RP is a hypercube centered around the origin of RP and 6, is
defined by Assumption 4. Under H,, for all but a finite number of m’s,
Sma1 has positive Lebesque measure.

Proof: Appendix.

Of course, under Hj the Lebesgue measure of S, is zero.

This result suggests that a test for Hy can be based on the empirical
counterparts of ™ (7|0) and ™" (1) :

n

m 1
(7o) = EZ/R;» exp(i.75y)dGy_1(y|0) exp( ZTYt J>

t=1
ot 1 n . m
voo(1) = - Z exp (@ Z Tj{Yt_j>
=1 =0

In particular, if
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Assumption 5. For each 1o € T, [5, exp(i.7y)dGi—1(y|0) is a.s. continuous
m 6 € O, where T and © are compact,

then by the uniform weak law of large numbers for strictly stationary time
series with vanishing memory (see Bierens 2004, Theorem 7.8(b), p. 189),

p lim  sup — (7 )‘ =0
T rex T

p lim sup  [p "N (r)0) — ™ (rl)| = 0

N0 rex (1,060

‘Am—&-l

hence by Assumption 4,

plim  sup ] Fm(r[0) — o (7]6,)] = 0

n—00 m
TE ><j:0T

and thus

Lemma 2.Under Assumptions 1-5, the boundedness condition in Lemma 1
and Hy,

" m 2
p lim ’@mﬂ(ﬂ&) — o (1)| dr >0

n—oo xm T
j=0

for all but a finite number of m’s.

5 The Weighted ICM Test and its Asymp-
totic Null Distribution

Consider the empirical process

/f;n’m(T) = % Z (exp (i.70Y2) — Y11 7'0]9 )exp ( ZT Y, J>
=1

T = (10,71, Th) € X3,

3Together with the measurability conditions in Bierens (2004, Theorem 7.8(b), condi-
tion (a)), which we will not make explicit.
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where 30,5_1(7'0’5) is defined by (9) and T is a compact set in RP.

For given m let
B\n,m :/
X7 T

where fi,, (1) is the uniform probability measure on x7.,7, i.e.

/}%n,m(T) : Al (T>

A (T) = fL

dr
><;.":0T

5.1 Weak convergence

In this subsection it will be shown that under Hy, and for fixed m, En,m = A,
where h,,(7) is a zero-mean Gaussian process on XY, so that by the
continuous mapping theorem,

Bpm % By = / Ry (7)1 At (7). (12)

m
X T

As to the general notion of weak convergence, consider a sequence of
random elements h, () of a metric space C (B) of functions on a compact
subset B of an Euclidean space. In our case C (B) is the metric space of
complex-valued continuous functions on B =x7' T, endowed with the "sup”
metric. Weak convergence can be defined in various equivalent ways?, but
the one that delivers the result (12) directly is the following: h,, converges
weakly to h, h, = h, if for all bounded continuous real functions f on C (B),

tim B[f (h)] = E[f (). (13)
For example, let for h € C(B), f(h) = v ([g|M(B)[*du(B)) , where p is a
probability measure on B and v is an arbitrary bounded continuous real
function on R. Then (13) implies

/B ha(B) () /B (B Pdu(B).

See, for example, Theorem 6.18 in Bierens (2004).

4See for example Billingsley (1968) or Van der Vaart and Wellner (1996).
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The necessary and sufficient conditions for weak convergence are that h,,
is tight and the finite distributions of h,, converge. The latter means that for
arbitrary (1, 0, ..., B in B,

(Bn(B1)s B (B2)s ooy hn(Br)) -5 (R(B1), h(Ba), ooy h(Br)) - (14)

The tightness concept is a generalization of the stochastic boundedness
concept for sequences of random variables: For each ¢ € (0,1) there exists
compact set K C C(B) such that inf, > Pr[h, € K] > 1 —e¢.

According to Billingsley (1968, Theorem 8.2), the following two conditions
are sufficient for the tightness of h,,:

(a) For each n > 0 and each € B there exists a 6 > 0 such that

sup Pr [k (8)] > 6] < n (15)

n>1
(b) For each > 0 and § > 0 there exists an € > 0 such that
supPr | sup  [ha(B) — halB)] > 6| <. (16)
nz1 [1B1—B2||<e

Condition (a) is a pointwise stochastic boundedness condition, which
holds if for each f € B, h,() converges in distribution, hence this con-
dition follows from the condition (14). Condition (b) is also known as the
stochastic equicontinuity condition, which is the difficult part of the tightness
proof.

5.2 Eliminating the ML Estimator

To prove ﬁn,m = h,, we first need to get rid of the ML estimator 9 in the
expression (11), using Assumption 3, as follows. Write (11) as

/};n,m(T) = ﬁl,n,m('r) - /ﬁ2,n,m(7—|/9\)7
where

~ 1 <& o,
hipm(T) = % Z (exp (1.79Y:) — i1 (70[00)) ,
t=1

X exp (iiT]’-K_j) (17)

J=1
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Banlrl®) = =3 (101 (08) ~ 611 ()

xexp( iTY; J> (18)

Next, assume that

Assumption 6. Under Hy the conditional characteristic function ;1 (7|0)
defined by (9) is a.s. twice continuously differentiable on an open neighbor-
hood ©¢ C © of 6y with vector of first derivatives satisfying

E[ sup ]8301;_1(7'0\9)/89]-\] < 00,

T0€Y,0€0)

B[ s (o (nl6) 00,00,)]] < o

T0€Y,0€00
fOT’ j7j17j2 = 1, 2, ceey k.

Denote

Opr (716)

82%—1 (7"9>
oo’ '

2 _
» Al (710) = — 5050

Ap 1 (1]0) =

It follows from Assumptions 3 and 6 and Taylor’s theorem that

/};27n,m(7‘§) = \/?E (5— 90) ZAQDt 1 7'0’90 exp ( ZT Y; J)
—i—%\/ﬁ (5 - 9[))/ % t_zl (Re A%, 4 <Tg]51> exp (z ;T]'-Yt_j)
X (5 — 90)

+Z%\/?€ (5 — 90>/ % t_zl Im [A230t—1 <T0‘§2> exXp <Z Z Tj/-Y;g_j>

J=1

x (5 - 90) (19)
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H < H@—@O =12

Hence

/]'\L2,n,m(7'|/9\) - \/H(/é—eo) ZAQOt 1 ’7'0|90 exp( ZT}Q ]>

<l 1 g, o

0, (L/v/R) = 0, (1/vF)

Note that the first O, term is due to

lim Pr [51 € @0} =1, lim Pr [52 € @0} =1

n—oo n—oo

and the second O, term is due to the fact that by Assumptions 1 and 6 the
weak law of large numbers applies:

n

1
— sup ||A i1 (10]0) || —>E[ sup HA i1 (70]0) H]

nt 1 T0€Y,0€60 T0EY,0€0

Moreover, using Theorem 7.8(b) in Bierens (2004) it can be shown that

—ZA% 1 (70]60) exp( ZTYt g) —’b (16) (20)
E | Api (10]0) exp( ZTYt J)

uniformly in 7 = (75,7, ..., 7,,)" € X7, Y. Thus it follows from Assumption

3 that
~ ~ 1 <&
hoynm(T0) = —b (T]00) 27 | — 1 21
2n,m(7]0) (7160) <\/ﬁ;Ut)+op<> (21)

where the o, (1) term is uniform in 7 € x72,T.
Combining the results (17) and (21), /f;nm(T) can be written as

T (T) = By (7) + 0, (1)
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where
QMﬂa%;ymm (22)

with

Gmi(T) = (exp (i.70Yz) — i—1 (70|60)) exp <z Z T]'-Yt_j)
=1

+bm(T160) 271U (23)

5.3 Tightness and Convergence Results

Note that pointwise in 7 € X721, ¢y, +(7) is a (complex-valued) martingale
difference process, i.e., ¢m(7) is measurable F*  and E [¢,(7)|F L] =0
a.s., hence by the martingale difference central limit theorem (see McLeish
1974),
MMW>d<mmw>
' —
Im | Ay (7) Im [P (7)]

for fixed m and n — oo, where the latter is a bivariate zero-mean random
vector. The same result holds for h,, ,,, (7). Similarly, it follows that

Lemma 3. Let m be fived. Under Hy and Assumptions 1-6 the finite distri-
butions of hp ., (T) converge.

Because by, (7|0p) is uniformly continuous on x7.,T, it follows straight-
forwardly from (21) that ﬁz,mm(ﬂa) is tight. Therefore, the tightness of
hy,m () follows from the following lemma.

Lemma 4. Let Y; be bounded and m be fived. Under Hy and Assumptions
1-6 the process hy ,m(T) is tight.

Proof: Appendix.
Consequently:

Theorem 1. Let Y, be bounded and m be fired. Under Hy and Assump-
tions 1-6, hpm = hy on XTZOT, where h,, is a complex-valued zero-mean
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Gaussian process with covariance function
Fm (Tv §) =b |:¢m,t(7—)¢m,t(g>] ) (24)

where ¢y s defined by (23).°> Thus by the continuous mapping theorem,

Bn,m = /
><;.":0T

for each non-negative integer m, whereas under Hy, plim,_ Emm/n >0
for all but a finite number of m’s.

T (T)

S (7) S B = [ (9 i)

Jj=0

5.4 Weighted ICM Test
The weighted ICM test statistic takes the form

Ln
W, = E o™ By m
m=1

where a € (0,1) is arbitrary, and so is the subsequence /,, of n as long as
lim,, .o ¢, = 00. To prove that under Hy and the conditions of Theorem 1,

w, % Yo, @™ By, we need the following result.

Lemma 5. Under Hy and Assumptions 1-6, sup,,>, E[B,] < oo and
Sup,,>1 Brm = O, (1) .

Proof: Appendix
Combining this result with the results in Theorem 1 it follows that

Theorem 2. Choose a constant o € (0,1) and a subsequence £,, of n. Under
the conditions of Theorem 1, W, = Zf:{:l aménm 4, Yo amB, =W if
Hy is true, whereas plim, .o, W, /n >0 if Hy is true.

Proof: Appendix

>The bar in (24) denotes the complex conjugate of ¢, ;.
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6 The Weighted Simulated ICM Test

The theoretical conditional characteristic function poses a computational
challenge, because often conditional distributions have no closed-form ex-
pression for their characteristic functions. To cope with this problem, we
propose a Weighted Simulated Integrated Conditional Moment (WSICM)
test, similar to the i.i.d. case considered in Bierens and Wang (2008), as fol-
lows. The idea is to replace the estimated conditional characteristic function
¢:_1(7]0) in the empirical process h,,(7) defined by (11) with exp <@'.7” 2) :
where Y, is a random drawing from the estimated conditional null distribu-
tion G;_1(y|#). Note that Y; has to be drawn from G1-1(y|#) conditional on
the actual past data.
The process (11) now becomes

NSnm(T) = % i (exp (i.75Y;)) — exp (m-éi)) exp <z iTJ'-Kg_j> (25)

Note that

~

/}ZS,n,m(T) = hn,m(T) - ’}VLS,n,m(T)v

where /f;n’m(T) is defined by (11) and

%S’n’m@') = % t_il <exp <@Té§~ft> — i1 (7’0@)) exp <z é Tj’-Yt_j> (26)

Similar to the proof of Lemma 4 it can be shown that conditional on all
past and future data, i.e., conditional on the o-algebra Fp = o (Ut]:i oo) , the

process h S.n,m is tight and is therefore tight unconditionally as well. Conse-

quently, hs, , converges weakly to a zero mean Gaussian process hy,,, say.
Moreover, denoting

Psm,i(T) = (exp (i.7'Y;) — @i—1 (7]60)) exp (z ZT]’-YH) (27)

which is similar to (23) but without the term b,,(7|0)' XU, it is obvious
that (1/y/n) >/ ¢sm(T) = h§,,(7) as well, hence the covariance function
of hy,, is

Psn (7,6) = B |95ma(T)65ma(5) | (28)

19



Furthermore, it is not hard to verify that g, is independent of the Gaussian
process h,, in Theorem 1. Therefore, the following results hold.

Theorem 3. Under Hy and the conditions of Theorem 1, ﬁg’mm = hgm,
where ﬁg’mm is the empirical process (25) and hg., is a complex-valued
zero-mean Gaussian process on X7, T with covariance function U'p(7,<) +
Lsm(7,5), with Ty, and I's,, defined by (24) and (28), respectively. Thus by
the continuous mapping theorem,

~ _~ 2
Bonm = [ Jhsnn(n)] dn () (20)
><;."_OT

4 B = [ lhsnr) dpn ()
><;."_0T

for fixed non-negative integers m, whereas under Hy, plim,, . E&mm /n>0
for all but a finite number of m’s.

It is also easy to verify that Lemma 5 carries over. Consequently, Theorem
2 carries over to the SWICM test.

Theorem 4. Choose a constant o € (0,1) and a subsequence ¢,, of n. Under
the conditions of Theorem 1,

ln oo
/W\S,n = Z amBS,n,m i) Z amBS,m = WS (30)
m=1 m=1

if Hy is true, whereas plim, . /Ws,n/n > 0 if Hy is true.

7 Standardization and Bounded Tranforma-
tion

The assumption that the process Y; is bounded is not restrctive because with-

out loss of genality we may replace Y; and Y; by bounded one-to-one trans-

formations @ (Y;) and ®(Y;), respectively. However, as argued in Bierens and
Wang (2008) for the cross-section case, it is important for the preservation
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of the finite sample power of the WSICM test to standardize the variables
involved before transforming them by a bounded one-to-one mapping ®, as
otherwise some or all the components of ® (Y;) and/or ®(Y;) may become
approximately constants. In particular, Bierens and Wang (2008) propose to
standardize each component Y;; of Y; by Y, = Oin (Yjt — pinj), where for
example f;, is the sample mean of the Y},’s and o}, is the corresponding
sample standard error, and then taking the the arctan (.) transformation.

An alternative way to choose the location and scale parameters j;, and
0;n, respectively, proposed by Bierens and Wang (2008) is to base them on
empirical quantiles of the Y;,’s such that, for example, (1/n) >S5 I(|[Y ;4] <
1) ~ 0.9. The reason for the latter is that the arctan(.) function has still
substantial variation on the interval [—1, 1]: min_;<,<; darctan(z)/dz = 1/2.

However, adopting the same standardization procedures in the time series
case would create additional dependence between ® (Y;) and @ (Y;_,,) due
to the common location and scale parameters. To avoid this problem, we
propose to standardize each component Y, by

J— ; — 1 t—1
.t:M, oir1>0fort>1
‘77 .]5
Ojt—1

~

for example, where ;1 and o;,_; are functions of Yj,...,Y;;—1 only, and
then taking the arctan transformation:

oY) = v, (Zl_/,}f—l (Y — /LY,t—l)) (31)
(V) = W, Sy (Y- pven)) (32)
where
v, ((C(Zl, . :vp)') = (arctan(xy), ..., arctan(z,))’

Hyt—1 = (M,t—l,---,ﬂp,t—ﬁ/,
E}/’t_l = diag(al,t_l),...,am_l))
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for t > 2 and pj;—1 =0, 0;:,-1 = 1 for t < 1. Alternatively, as motivated by
Bierens and Wang (2008), choose

fie1 = % (Qjt-1(0.95) + Q;+-1(0.05)),
o — % (Qj1-1 (0.95) — Q;4-1(0.05)),

fort > 2 and pj;—1 =0, 05,1 =1 for t <1, where

Qji-1 (o) = arg max x
I’ t—
t,ll Zm:l I(l/]ﬂngx)ga

is the a x 100% sample quantile of Yj 1, ...., Yj 1.
Denoting Y; = 21_/,1_1 (Y; — pye—1) it follows trivially that

Pr[Y, <ylFl] = Pr[Vi<Syeay+ pyva1|F]
= Fa(Syvimy+ pyvi1) = Fia(y),

say, with corresponding specification
Gi1(y10) = Gi1(Sy i1y + pyi-110)

Therefore, all our asymptotic results carry over if we replace Y; and Y, by
(31) and (32), respectively.

8 Monte Carlo Simulations

To check the small sample performance of the WSICM test, we have gen-
erated Gaussian MA(1) processes Y; = U; — U, for 8 = 0,0.3,0.6,0.9,
respectively. For each of these processes we test the null hypothesis that Y;
is a Gaussian AR(p) process, for p = 0,1, 2, 3, and sample sizes n = 200, 600.5

The parameter « in (30) has been chosen o = 0.9, and the subsequence
{, in (30) has been chosen ¢, = [n'/3] 7 so that £, = 6 for n = 200 and

¢, = 8 for n = 600. The integration range T of the SICM statistic Eg,n’m in
(29) has been chosen T = [—5,5]. Finally, the bootstrap sample size is 500,
the significance level is 10% and the number of replications is 100.

6Corresponding to 50 years of quarterly and monthly data, respectively.
"The notation [z] indicates the largest integer < .

22



Admittedly, the number of replications is rather small, but that is due to
computational constraints. In particular, even with only 100 replications it
took about one hour and 15 minutes on a PC to compute a single entry in
Table 1 for n = 200, and eight hours for n = 600.

Table 1: Simulation results

n = 200 n = 600
b\p O 1 2 3 6\p 0 1 2 3
0.0 13 8 15 11 0.0 16 8 12 11
0.3 37 12 12 10 0.3 87 12 10 10

0.6 90 16 10 7 0.6 100 49 19 9
0.9 97 31 11 11 0.9 100 78 14 12

As expected, the power results improve with the length of the time series,
and the power decreases with 6. However, it is puzzling that the test has no
power for p > 1 in the case § = 0.9. To partly explain this, note that for
each lag length m the SICM test Bg,., in (29) compares the AR(p) null
distribution with the linear projection of Y; on Y; 1,...,Y; ,,, which is an
AR(m) model,

Y;f = Zﬁj,my;f—j + Vm,ta Vm,t ~ N [Oa O-Zz] ) (33)

=1

where due the Gaussianity of Y; the residual V,, ; is independent of Y;_, ..., Y;_,,.
The residual process V;, is not independent, though. The AR(p) null model
is of course also the linear projection of Y; on Y;_1, ..., Y,

p
Yi=> BipYij+Vou, Ve~ N[0,07]. (34)
j=1

For m < p the test Es’n’m effectively compares an AR(m) model with itself
because then by the law of iterated expectations,
E [E [eXp (ZTEN }/t-—lv s 1/;i—p] ’ K—la ) }/t-—m]
= Eexp (i.7Y})| Yic1, oy Yiom]

Thus, only the terms OszSm’m for m > p in the WSICM statistic /V[Zg,n =

Zfrf:l amﬁgm,m contribute to the power of the test. Still, why they don’t for
p > 1 in the cases under review is an open question.
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On the other hand, Bai’s (2003) test will have no power in either of these
cases, because (34) implies that the actual conditional distribution of Y; given
R N

F Y1, ... Yip) = PrlY, <ylYi1,..,Yi,)
2
exp <_ﬁ (y - Z?:l 6j,th—j) >
opV 2T

so that U, = F (Y3|Yi—1, ..., Yi—p) is uniformly [0,1] distributed, although
serially dependent. Bai’s test only tests the uniformity hypothesis. If the
AR(p) null model were correct, the U;’s would also be independent, but
Bai’s test does not check for that.

9 Conclusions

This paper extends Bierens (1984) weighted ICM test for functional forms to
the test for the validity of parametric specifications of conditional distribu-
tions. The test is done by conducting a sequence of simulated ICM tests with
an increasing number of lagged conditioning variables. The test statistic is
a weighted sum of these simulated ICM test statistics. Preliminary simu-
lations for Gaussian MA(1) data generating processes and Gaussian AR(p)
null models show that in principle this test works, but that the small sample
power deteriorates for p > 2. Why this is the case is yet unknown. Our con-
jecture is that this problem is typical for Gaussian processes. These issues
will be addressed in future research.

10 Appendix

10.1 Proof of Lemma 1

It is well-known [see for example Theorem 3.12 in Bierens (2004)] that point-
wise in Ty,

Tim B [y (rl6.) — s () |FIA] = B [rms (rl6) —vics ()| 7152)
= @11 (170]0x) — Y1 (70) a.s. (35)
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Let Y; be a univariate time series. Without loss of generality we may
interpret ¢;_1 (79|6.) as

w1 (10]0.) = E [exp (@'.7’@2)

7]
where Y, is a bounded time series proces satisfying

Gralylh.) = B [1(%: < y)|7]

Then
2 @m)Y L Tei o
Bl (nl6) —s o)l F] = S p [ v 7).
=0 7
o (i)’ Vi | t-1
¢i-1(70]0i) — Ye-1 (10) = Z i E[Y; -Y; ]—"ioo]
=0 7

Clearly, under H,,
Pr (E [YQJ‘O _yje fi;;] - o) <1
for at least one jy > 0. For such a j,

lim E [17;' )

m—0o0

Fon| =BV -V}

7]
which implies that for all but a finite number of m’s,

Pr (E [1750 Yo fj_ﬂ - 0) <1

a.s. It follows now from Theorem 1 in Bierens and Ploberger (1997) that the

set
(i}tjo _ Y;jo) exp (Z ZT]{E_]'> = 0}
j=1

has zero Lebesgue measure and is nowhere dense in [—c¢, ¢|™ . Consequently,
for each of these m’s there exists a 7y such that the set
_ 0}

{(7'1, s Tm) € [—c, ™ E

{(7'1, s Tm) € [—c,d™
<exp (i.Tof/t) — exp (z’.TOYt)) exp (z i Tj'-Y}_j>
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has zero Lebesgue measure and is nowhere dense in [—c,¢]™. The result of
Lemma 1 follows now straightforwardly, using the continuity of characteristic
functions.

10.2 Proof of Lemma 4

We will prove Lemma 4 for the case Y; € [-M, M| a.s. and T = [—c¢, ¢| where
¢ > 1, as follows. Write (17) as

~ R~ , :
hl,n,m(T) = % Z (eXp (Z'TOY;S) - Et—l [eXP (Z'TDY; exXp < ZTjY; ]>
t=1

where E;_; [] denotes E [-|F*_}] . Using the series expansion of the complex
exp function, we can write

N -k m ]
Franlr) = %T z p ﬂ)H(ngmj)
=0 tl ’

=0k1= km —O

X % Z (Yt’“o — By [Y)) ﬁ Yo (36)

Moreover, for 7,¢ € [—c,c]™™ and ||7 — ¢|| < e < 1 we have the inequality

m m m m
kj k; k k mk k k; k;
[ -T0s| < fe -l eom o T - T
7=0 7=0 j=1 i—1
ko k m m
0 ™ kj kj
< g < ) |70 — <ol =0 kx4 ko HTjJ —ngj
=1 \J J=1 J=1
ko k m . m .
< 3o (M)emen s T - TT
j=1 \J j=1 i=1
< g 2Meximokr 4 cko

m m

kj k;
1I7 -1I¢
j=1 j=1
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hence by induction

m m
kj kj
117 -1II<
j=0

=0

m
< e.cxi=oke Z 2k < &.m (2c)=i=0kr
=0

Consequently, for e < 1,

E | sup /};17n7m(7>_/}21,n,m(§)‘]
l[m—sl|<e
<em Z Z Z =0

=0k1= km=0 HJ ok

1 & A i

LC TG Hn’i@-)

=1 j=1
<€mfzz Z N k, 2oy T

—0k1=0  knm = 11 =0
zs.m\/_exp( (m+1)cM)

Thus for fixed m the stochastic equicontinuity condition (16) holds, so that
hipnm is tight. The generalization of this results to higher dimensions and
more general spaces is straightforward.

10.3 Proof of Lemma 5
To prove of sup,,~; £ [B,,] < 0o, note that
BB = [ T din(n) = [ B llond] dun ()

where T',,, is the covariance function (24). Moreover, observe from (23) that
®m+(T) can be written as

Gm(T)

= exp <z ZTJ{Y;_]) —FE 4
j=0

+ by (7106 ST

exp (z Z Tj'-}/}_j>
=0
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+ Re b (7]60)] 71U,

cos <Z TJ’-Yt_j>

=0

sin (Z T]{K_j>

J=0

= CoS <Z T;}Q_j> —E4
=0

+i <sm <Z TJ’.}ft_j) — B,
j=0

where again E,_ [] denotes E [-|F"!]. Moreover, observe from (20) and
Assumption 6 that

+ Im [, (71]60)'] 2 1Ut>

sup _[[bu(7160)[" < sup E [||Ape1 (70]60)]]

‘re><;”:0’r T0EYT

< B [Sup | A1 (Tg’eo)“] < 00

T0ET

Hence

|¢m,t (T) |2

< <cos <Z Tj’-Yt_j> E,_,
=0

+ Re [bm(7]60)'] 1Ut>

cos <Z Y j>

7=0
m m 2
+ (sin (Z Tj’-}/}_j> — FE;_1 |sin <Z Tj’-Y}_j> + Im [b,,(7]60)'] 2 1Ut)
i—0 =0
m m 2
<2 (cos (Z 7Y ]> — E,_4 |cos <Z T]{lﬁ_]> >
=0 =0
m m 2
+2 <sin (Z T]{K_]> E,_{ |sin (Z T]{K_J> >
=0 =0

+2 (Re [bn (7160)') 7'04)° + 2 (Im [y (7160)') 70,

2
<842 (E [sup lAg. mmewu]) s,

T0ET

It follows now easily from Assumption 3 that

E[B,] <8+2 <E [Sup 1Ag (TO|9O)||] )Qtrace (271 < oo,

T0EY
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Next, observe from (21) that

()]

E {A
1 n m
=2F — Z (COS (iZTjK—j) — Et—l
<\/ﬁ t=1 j=0
1 n m
+2E —— Z <sin (Z ZT]'Y;_j) - Et—l
(\/ﬁ t=1 j=0

<2
and from (19) that
B2m(710)]

< H\/ﬁ (5— 90) H = Z sup || Aw;—1 (70/60) |

—1 T()G

b L oyl (o)

n —1 T0€EYT

U VGN8N

n t—1 T0€Y
=0p (1)
uniformly in 7 and m. Hence
~ ~ 2
Bum = [ [ i @
><;.":0T

~ —~ —~ 12
hl,n,m(T) h2,n,m<7—|9)‘ d/vbm (T)

<2
x;”zo’r

= Op(l)

uniformly in m.

2
dptm, (T) + 2/
x;”zo’r

10.4 Proof of Theorem 2

It is easy to verify that under the conditions of Theorem 1, for fixed m,

(ﬁn,luﬁn,% ---7/}\Ln,m> = (h17 h27 sy hm)
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hence for any positive integer K,

K K
3 d
E o By — E o™ B,
m=1 m=1

Moreover, it is obvious from Lemma 5 that for K — oo,

K 00
d
E oa™B,, — E a™B,, =W,
m=1 m=1

say. Due to Lemma 5 we can choose K so large that for abitrary small € > 0,

lim sup Pr {sup Bpm >e(1—a) /aKH] < €

n— 00 m>1
[e'S)
Pr[ Z oszm>€] < €

m=K+1

Next, let  be a continuity point of the distribution of W and observe
that for ¢, > K

K
1 (ﬁ/\n < ac) <I (ZamBnm < ac)
m=1
K R ln R
m=1 m=K+1
K A~ A~
> ] <Z a" By, < x — sup BmmaK“/ (1-— a))
m—1 m>1
K ~ ~
>1 <Z a"Bpm < x— 5) I <sup BmmaKH/ (1-—a)< 6)
m—1 m>1
K ~ A~
>1 <Z Q"B < — e) — I (Sup Bym>e(l—a) /aK+1)
m=1 m21

Taking expectation and then letting n — oo yield

n—oo

m K
lim sup Pr [/I/I?n < :c} < Pr Z amB,, < a:]
 m=1

lim inf Pr [Wn < w}

n—oo

v

[ K
Pr ZamBme—eE] —¢
m=1
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Next, letting K — oo yields

lim sup Pr [/I/I?n < ZL'] < Pr|[W <z

n—oo

lim inf Pr [ana}] > PriW<z—¢]—¢

n—oo

Finally, letting ¢ | 0 yields

References

Bai, J., 2003, Testing Parametric Conditional Distributions of Dynamic
Models, Review of Economics and Statistics, 85, 531-549.

Bai, J. and Chen, Z., 2007, Testing Multivariate Distributions in GARCH
Models, Journal of Econometrics (forthcoming).

Bierens, H. J., 1982, Consistent Model Specification Tests, Journal of
Econometrics, 20, 105-134.

Bierens, H. J., 1984, Model Specification Testing of Time Series Regres-
sions, Journal of Fconometrics, 26, 323-353.

Bierens, H. J., 2004, Introduction to the Mathematical and Statistical
Foundations of Econometrics, Cambridge, UK: Cambridge University Press.

Bierens,H. J. and Ploberger, W., 1997, Asymptotic Theory of Integrated
Conditional Moment Tests, Econometrica, 65, 1129-1151.

Bierens, H. J. and Wang, L., 2008, Integrated Conditional Moment Tests
for Parametric Conditional Distributions, Working paper (http://econ.la.psu
.edu/hbierens/ICM _IID.PDF)

Billingsley, P., 1968, Convergence of Probability Measures. New York:
John Wiley.

Chen, X. and Fan, Y., 1999, Consistent Hypothesis Testing in Semipara-
metric and Nonparametric Models for Econometric Time Series, Journal of
Econometrics, 91, 373-401.

Corradi, V. and Swanson, N., 2006, Bootstrap Conditional Distribution
Tests in the Presence of Dynamic Misspecification, Journal of Econometrics,
779-806.

De Jong, R., 1996, The Bierens Test Under Data Dependence, Journal of
Econometrics, 72, 1-32.

Dominguez, M. and Lobato, 1., 2003, Testing the Martingale Difference
Hypothesis, Econometric Reviews, 22, 4, 351 - 377.

31



Escanciano, J. C. and Velasco, C., 2006, Generalized Spectral Density for
the Martingale Difference Hypothesis Test, Journal of Econometrics, 134,
151-185.

Hong, Y., 1999, Hypothesis Testing in Time Series via the Empirical
Characteristic Function: A Generalized Spectral Density Approach, Journal
of the American Statistical Association, 94, 1201-1220.

Hong Y. and Lee, Y., 2005, Generalized Spectral Tests for Conditional
Mean Models in Time Series with Conditional Heteroscedasticity of Unknown
Form, Review of Economic Studies, 72, 499-541.

Khmaladze, E., 1981, Martingale Approach in the Goodness-of-fit Tests,
Theory of Probability and its Applications, XXVI, 240-257.

Li, F. and Tkacz, G. A., 2006, Consistent Bootstrap Test for Conditional
Density Functions with Time-series Data, Journal of Econometrics, 133, 863-
886.

Li, Q., 1999, Consistent Model Specification Tests for Time Series Econo-
metric Models, Journal of Econometrics, 92, 101-147.

McLeish, D. L., 1974, Dependent Central Limit Theorems and Invariance
Principles, Annals of Probability, 2, 620-628.

Stinchcombe, M. and White, H., 1998, Consistent Specification Testing
with Nuisance Parameters Present Only under the Alternative, Fconometric
Theory, 14, 295-325.

Stute, W., Quindimil, M., Manteiga, W. and Koul, H., 2006, Model
Checks of Higher Order Time Series, Statistics and Probability Letters, 76,
1385-1396.

Su, L. and White, H., 2007, A Consistent Characteristic Function-Based
Test for Conditional Dependence, Journal of Econometrics, 141, 807-834.

Van der Vaart, A.W. and Wellner, J.A., 1996, Weak Convergence and
Empirical Processes, New York: Springer.

White, H., 1987, Specification Testing in Dynamic Models, in: Truman
F.Bewley (ed.), Advances in Econometrics, Fifth World Congress, Vol.I,
Cambridge, UK: Cambridge University Press, 1-58.

32



